We perform a new calculation of the hadronic contributions, a(Hadronic) to the anomalous magnetic moment of the muon, aµ. For the low energy contributions of order α 2 we carry over an analysis of the pion form factor Fπ(t) using recent data both on e + e − → π + π − and τ → ντ π + π 0 . In this analysis we take into account that the phase of the form factor is equal to that of ππ scattering. This allows us to profit fully from analyticity properties so we can use also experimental information on Fπ(t) at spacelike t. At higher energy we use QCD to supplement experimental data, in which we include the recent measurements of e + e − → hadrons both around 1 GeV and near thecc threshold. This yields a precise determination of the O(α 2 ) photon vacuum polarization piece, a (2) (h.v.p.) = 6 922 ± 76.
We perform a new calculation of the hadronic contributions, a(Hadronic) to the anomalous magnetic moment of the muon, aµ. For the low energy contributions of order α 2 we carry over an analysis of the pion form factor Fπ(t) using recent data both on e + e − → π + π − and τ → ντ π + π 0 . In this analysis we take into account that the phase of the form factor is equal to that of ππ scattering. This allows us to profit fully from analyticity properties so we can use also experimental information on Fπ(t) at spacelike t. At higher energy we use QCD to supplement experimental data, in which we include the recent measurements of e + e − → hadrons both around 1 GeV and near thecc threshold. This yields a precise determination of the O(α 2 ) photon vacuum polarization piece, a (2) (h.v.p.) = 6 922 ± 76.
As byproducts we also get the masses and widths of the ρ 0 , ρ + , and very accurate values for the charge radius and second coefficient of the pion.
Adding the order α 3 hadronic contributions we find 10 11 × a exp. (Hadronic) = 7 007 ± 82 (e + e − + τ + spacel.; Q.c.m.) 6 829 ± 80 (e + e − + τ + spacel.; Ch.m.)
depending on whether the light-by-light scattering hadronic contributions are evaluated with the quark constituent model or a chiral model. The error above includes statistical, systematic and estimated theoretical errors. The figures given are obtained fitting τ decay data; if we restrict ourselves to e + e − data, slightly lower values and higher errors are found. This is to be compared with the figure obtained by subtracting pure electroweak contributions from the recent experimental value, obtained from measurements of the muon gyromagnetic ratio (g − 2), which reads
Introduction
The appearance of a new, very precise measurement of the muon magnetic moment [1] has triggered the interest in theoretical calculations of this quantity. Particularly, because the experimental figure (we give the result for the anomaly, averaged with older determinations [2] ) 10 11 × a µ (exp.) = 116 592 030 ± 150 (1.1)
lies slightly above theoretical determinations based on the standard model, as much as 2.6σ in some cases. It should be noted that all modern 1 theoretical determinations [3−7] are compatible among themselves within errors (of order 100 × 10 −11 ) and that, with few exceptions, they are also compatible with the experimental result, (1.1), at the level of 1.5σ or less. Because of this, it is our feeling that a new, complete evaluation would be welcome since, in fact, there exists as yet no calculation that takes fully into account all theoretical constraints and all the new experimental data. These experimental data allow an improved evaluation of the low energy hadronic contributions to a µ , both directly from e + e − annihilations (in the ρ region [8] and around the φ [9] ) and, indirectly, from τ decays [10] and, also indirectly, from measurements of the pion form factor in the spacelike region. [11] Moreover, the BES [12] data, covering e + e − annihilations in the vicinity ofcc threshold, permit a reliable evaluation of the corresponding hadronic pieces. In fact, the main improvements of the present paper are the calculation of the two pion contribution to the hadronic part of a µ , using all available experimental information and fulfilling compatibility with all our theoretical knowledge, and the pinning down of the multipion, KK andcc contributions. This we do in Sects. 3, 4 (in Sect. 2 we formulate the problem). In Sect. 5 we discuss other hadronic corrections, including one that, as far as we know, has been hitherto neglected, and which, though small (∼ 46 × 10 −11 ) is relevant at the level of accuracy for which we are striving. Finally, in Sect. 6 we discuss our results and compare them with experiment.
The main outcome of our analysis is an accurate and reliable determination of the hadronic contributions to a µ at order α 2 . In fact, in all regions where there are difficulties we perform at least two evaluations, and take into account their consistency (or lack thereof). Furthermore, we discuss in some detail (including ambiguities) the O(α 3 ) hadronic contributions. As a byproduct of the low energy calculations we can also give precise values for the ρ 0 , ρ + masses and widths, m ρ 0 = 772.6 ± 0.5 MeV, Γ ρ 0 = 147.7 ± 0.7; m ρ + = 773.7 ± 0.6 MeV, Γ ρ + = 146.5 ± 0.8; (1.2) for the P-wave ππ scattering length, Our best results for the hadronic part of the anomaly depend on which model one believes for the hadronic light-by-light contribution, to be discussed in Subsect. 5.1. So we write, Note that in a(Hadronic) we include all hadronic contributions, O(α 3 ) as well as O(α 2 ). In (1.5) "Q.c.m." means that the light by light hadronic contribution was calculated with the quark constituent model, and "Ch.m." that a chiral model was used. The first error is the statistical error, the second the combination of the estimated systematic and theoretical ones. This is to be compared with the value deduced from (1.1) and electroweak corrections 10
11 × a exp. (Hadronic) = 7 174 ± 150.
Whether our results should be interpreted as providing further experimental validation of the standard model, or one can consider them as "harbingers of new physics", we will leave for the reader to decide.
Contributions to a µ
We divide the various contributions to a µ as follows:
Here a(QED) denote the pure quantum electrodynamics corrections, and a(Weak) are the ones due to W, Z and Higgs exchange. The hadronic contributions can, in turn, be split as
) are the corrections due to the hadronic photon vacuum polarization contributions ( Fig. 1) , nominally of order α 2 (see Sect. 5 for a qualification of this statement). We will discuss in detail the "Other hadronic, O(α 3 )" in Sect. 5. According to the review of Hughes and Kinoshita [13] one has 10 11 × a(QED) = 116 584 705 ± 1.8
There is no dispute about these numbers. If we combine them with (1.1), we can convert this into a measurement of the hadronic part of the anomaly:
Our task in the present paper is the evaluation of this quantity. We now say a few words about the piece a (2) (h.v.p.), which is the most important component of a(Hadronic). As Brodsky and de Rafael [14] have shown, we can write it as
-precision determination of the pion form factor and calculation of the muon g − 2-
Here Π is the hadronic part of the photon vacuum polarization function. An alternate formula is obtained by expressing Im Π in terms of the ratio
(The superindex (0) here means 'lowest order in the electomagnetic interactions'). At low energy (t ≤ 0.8 GeV 2 ) we can separate the contribution from three pion states and that from two pions. The first will be discussed in Sect. 4 .
The two pion contribution in turn can be expressed in terms of the pion form factor, F π : 5) so that, for the two-pion contribution up to energy squared t 0 ,
3. The pion form factor
Theory
The evaluation of the pion form factor is slightly complicated by the phenomenon of ω − ρ interference. This can be solved by considering only the isospin I = 1 component, and adding later the ω → 2π and interference in the standard Gounaris-Sakurai way. This is equivalent to neglecting, in a first approximation, the breaking of isospin invariance (including electromagnetic interactions). In this approximation the properties of F π (t) are the following: (i) F π (t) is an analytic function of t, with a cut from 4m 1 1 (t), and this equality holds until the opening of the inelastic threshold at t = t 0 (FermiWatson final state interaction theorem). (iii) For large t, F π (t) ≃ 1/t. Actually, one knows the coefficient of this behaviour, but we will not need it here. (iv) F (0) = 1.
The inelastic threshold occurs, rigorously speaking, at t = 16m 2 π . However, it is an experimental fact that inelasticity is negligible until the quasi-two body channels ωπ, ρπ, a 1 π . . . are open. In practice we will take t 0 ≃ 1 GeV 2 , and fix the best value for t 0 empirically. It will be t 0 = 1.04 2 GeV 2 , and we will see that, if we keep close to this value, the dependence on t 0 is very slight.
The properties (i-iv) can be taken into account with the well-known Omnès-Muskhelishvili method. We construct a function J(t) with the proper phase by defining
We have written the dispersion relation with one subtraction to ensure that J(0) = 1. The singular integrals are understood to be calculated replacing t → t + iǫ, ǫ > 0, and letting then ǫ → 0. In particular, we have
-j. f. de trocóniz and f. j. ynduráin-Defining then the function G by
it follows from properties i-ii that G(t) is analytic with only the exception of a cut from t 0 to infinity, as we have already extracted the correct phase below t = t 0 . We can, in Eq. (3.1a), take any value we like for the phaseδ 1 1 (t), as a change of it only results in a redefinition of G; but it is convenient to chooseδ 1 1 (t) so that it joins smoothly δ 1 1 (t) at t = t 0 to avoid spurious singularities that would deteriorate the convergence, and so that the J has the correct behaviour at infinity. Both properties are ensured if we take, simply,
and, for large t,δ 1 1 (t) → π and we recover the behaviour 1/t of the form factor. Then we can rewrite more explicitly (3.1) by integrating the piece withδ 
. We can apply the effective range theory to the phase δ 1 1 . According to it, the function
is analytic in the variable t except for a cut from −∞ to 0 and a cut from t = t 0 to +∞. To profit from the analyticity properties of ψ we will make a conformal transformation. 2 Defining
When t runs the cuts, w goes around the unit circle. We may therefore expand ψ in a power series convergent inside the unit disc. However, the existence of the ρ resonance implies that we must have cot δ 1 1 (m 2 ρ ) = 0. It is therefore convenient to incorporate this piece of knowledge and expand not ψ itself but the ratio ψ(t)/(m 2 ρ − t) ≡ψ(t): so we write,
The P-wave, I = 1 ππ scattering length, 3 a 1 1 , is related to ψ by
Likewise, from the relation
(t) we find the expression for the rho width:
Experimentally, [15] It turns out that, to reproduce the width and scattering length, and to fit the pion form factor as well (see below) only two terms in the expansion are needed, so we approximate
Because we have already extracted the correct phase up to t = t 0 , it follows that the function G(t) is analytic except for a cut from t = t 0 to +∞. The conformal transformation
maps this cut plane into the unit circle. So we may write the expansion,
that will be convergent for all t inside the cut plane. Note that we can implement the condition G(0) = 1, necessary to ensure F π (0) = 1 to each order, by writing
We will need two-three terms in the expansion, so we will approximate
It is to be noted that, even if we only kept one term in each of the expansions (3.6, 8) , that is to say, if we took b 1 = c 1 = c 2 = 0, we could reproduce the experimental data with only a 15% error; so we expect (and this is the case) fast convergence of the series. Note also that our expression for F π (t) is valid in the spacelike as well as in the timelike region, provided only t < t 0 . What is more, (3.6, 8) represent the more general expressions compatible with analyticity, the Fermi-Watson theorem and the effective range theory, which follow only from the requirements of unitarity and causality. Therefore, by employing our expansions, we do not introduce uncontrolled biases in the analysis, hence minimizing the model dependent errors. 4 The remaining approximations are neglect of the inelasticity between 16m 2 π and t0, experimentally known to be at the 10 −3 level or below, and we have the errors due to the truncation of the expansions, which will be shown to be also small. This is not true of other functional forms used in fitting the data which are either incompatible with the phase of Fπ, or with its analyticity properties, which causes biases in the fits.
Fits
In order to fit F π , and hence get the 2π low energy (4m
, we have available three sets of data:
• In addition, one can use data from the decay τ + →ν τ π + π 0 (Aleph and Opal, ref. 10). For this last, we have to assume isospin invariance, and neglect the isospin I = 2 component of π + π 0 , to write the form factor for above decay, v 1 , in terms of F π :
where, in terms of the weak vector current V µ =ūγ µ d,
Before presenting the results of the fits a few matters have to be discussed. A first point to clarify is that we will not include in the fits the old data on F π in the spacelike or timelike regions, or on pion-pion phase shifts [17] . We have checked that, if we add the first two sets, the results of the fit vary very little; but they cause a bias. This is so because there is incompatibility 5 between old spacelike and timelike data, and also with data on ππ phase shifts, already noticed in CLY. [4] In fact, a very important feature of the NA7 [11] data is that they are obtained from scattering of real pions off electrons, hence we do not require models to extract F π from data as occurred in former determinations. Likewise, we also do not include in the fit the ππ phase shifts (except for the scattering length, a 1 1 ). This is because they are obtained from scattering with one off-shell pion, hence their extraction is model dependent. However, we will use them as a very important a posteriori check of our results.
A second remark concerns the matter of isospin breaking, due to electromagnetic interactions or the mass difference between u, d quarks, that would spoil the equality (3.9a). It is not easy to estimate this. A large part of the breaking, the ω → 2π contribution and ω − ρ mixing, are taken into account by hand, but this does not exhaust the effects. For example, merely changing the quark masses from m π + + m π − to m π + + m π 0 in a Breit-Wigner model for the ρ shifts a (2) (h.v.p.) by ∼ 50 × 10 −11 , so a deviation of this order should not be surprising. In fact, if we fit separately e + e − and τ data, in the timelike region, we get quite different results:
This takes into account statistical errors only for e + e − , but includes systematic ones for τ decay as these are incorporated in the available data. The slight advantage of the first figure in (3.10) in what regards the χ 2 /d.o.f. makes one wonder that the difference is really caused by isospin breaking (in which case the value obtained from τ decay should be rejected) or is due to random fluctuations of the data. The second explanation has in its favour that, if we include the spacelike data into the fit the discrepancy is softened, and we get compatible results:
This last result allows us to draw the following conclusion: that part of the discrepancy between results obtained with e + e − and τ decay is still of statistical origin due, but also it would seem that part is genuine. In an attempt to take into account at least some of the isospin breaking effects, we have fitted simultaneously e + e − , τ decay, both including spacelike data, and allowing for different vales of the mass and width of the rho (but keeping other parameters, in particular c 1 , c 2 , common for both e + e − and τ fits). In this case we find convergence of the results. Fitting at the same time e + e − , τ and spacelike data we have which is compatible (within errors) with both numbers in (3.11). When evaluating a(2π; t ≤ 0.8 GeV 2 ) we of course use the parameters m ρ , b 0 , b 1 corresponding to ρ 0 , Γ ρ 0 . As a byproduct, we also obtain a reliable estimate of the width and mass of the ρ. We find, m ρ 0 = 772.6 ± 0.5 MeV, Γ ρ 0 = 147.7 ± 0.9;
The figures are in reasonable agreement with the Particle Data Group values 6 given before and, with some optimism, allow one even to see a discrimination between the ρ 0 and ρ + parameters. 6 It should be noted that the various determinations for mρ reported by the PDG [16] actually cluster around two different values, with the more modern ones closer to our figures in Eq. (3.13) than the average value reported by the PDG. With this we are prepared to present the results of the fits to the data. Besides the experimental data on F π itself, we have also included the experimental information on the ππ scattering length, with the constraint a
π ; the value the fit returns for this quantity is satisfactorily close to this, as indeed we get a
π . The fit may be seen depicted in Fig. 2 for |F π | 2 , with timelike and spacelike data, and in Fig. 3 for the quantity v 1 in τ decay.
We give two results for the contributions to the anomaly:
The χ 2 /d.o.f. of the fits is slightly above unity; in section 6 we will see that including systematic errors cures the problem. For example, just adding the systematic normalization error for the spacelike data [11] gives a shift of the central value of 31 × 10 −11 and the χ 2 /d.o.f. decreases to 152/153 for the evaluation with e + e − data only. The quality of the fit to the spacelike data is shown in Fig. 4 , which is a blowup of the corresponding part of Fig. 2 .
The parameters of the fits are also compatible. We have, An important feature of this fit is that the coefficients decrease with increasing order. This, together with the fact that the conformal variables w, z are of modulus well below one in the regions of interest (4m
ensures good convergence of the expansions. We have also checked that including extra terms in the expansions does not improve the quality of the fits significantly. From our fits we also obtain the low energy coefficients of the pion form factor,
These figures are compatible with, but much more precise than, the current estimates:
It is to be noted that, if we had not allowed for different masses and widths for the neutral and charged rho, we would have obtained
i.e., a larger χ 2 /d.o.f. and a value quite different from that obtained with only e + e − and spacelike data. So it would appear that allowing for different parameters for the neutral and charged rho really takes into account a good part of the isospin breaking effects.
Another remark is that in all these fits we took t 0 = 1.1 GeV 2 . The dependence of the results on this parameter, t 0 , is very slight, provided we remain around this value. Thus, for example, if we take t 0 = 1.2 the value of a(2π; t ≤ 0.8 GeV 2 ) only increases by 4 × 10 −11 , and the global χ 2 only varies by one unit.
As a check of the quality and reliability of our results we may further mention the following. We have not used the experimental pion-pion scattering phase shifts as input (except for the value of the scattering length). So, the values that follow from our expression (3.6), with the values of the parameters given in (3.13) constitute really a prediction for δ 1 1 (t). This can be compared with the existing experimental values for this quantity, [17] a comparison that may be found in Fig. 5 . The agreement is remarkable. Before finishing this section we have to clarify the matter of the ω and ω − ρ contribution to a(2π; t ≤ 0.8 GeV 2 ). Our fits to e + e − data have actually been made including in the function F π as given above, Eq. (3.2), a coefficient to take into account the ω → 2π contribution. To be precise, we have used the expression
where the notation is obvious. We take from the PDG and the fit gives a mixing parameter σ = (16 ± 1) × 10 −4 . As is known, this Gounnaris-Sakurai [18] parameterization is only valid for t ≃ m 2 ω,ρ and, in particular, its extrapolation to t ∼ 0 is not acceptable. This effect is very small, less than one part in a thousand. However, to play it safe, we have also adopted the following alternate procedure: we have obtained a first approximation to F π by fitting the experimental data excluding the region 0.55 GeV 2 ≤ t ≤ 0.65 GeV 2 . Then we have fitted only this region adding there also the ω piece, as in (3.18). The resulting value for a(2π; t ≤ 0.8 GeV 2 ) varies very little; it decreases by something between 2 and 12 × 10 −11 , depending on the fit. We may consider this as part of the theoretical error of our calculation.
To finish this section, we present in Table 1 a comparison both with old results that also use analyticity properties, and a recent one (which does not). The difference between the old CLY, AY and the new determinations is due to a large extent to the influence of the new Novosibirsk and NA7 data which allow us in particular to obtain a robust result: the CLY evaluation used only 18 data points!
The difference between the results of Narison (N), who does not take into account the Fermi-Watson theorem or the spacelike data and TY, who do, is due in good part to, precisely, the influence of the spacelike data which also help reduce the errors.
4.1. The higher energy contributions, and the 3π contribution At higher energies we will get a substantial improvement over determinations based on old data [20] because of the existence of very precise data from Novosibirsk [9] and Beijing, [12] gathered in the last two-three years, which will help remove a large part of the existing errors. This is particularly true of the region up to t = 3 GeV 2 which caused an important part of the total errors in pre-1998 calculations of a (2) (h.v.p.). We turn to it next.
The region up to t = 3 GeV

2
We consider first the contribution of two, three, four pion, . . . , and KK intermediate states for
In what follows n.w.a. will mean narrow width approximation, r.d.a. resonance dominance approximation (but not narrow approximation) and s.o.i.c. sum over individual channels. For the n.w.a. we use the standard formula. Denoting by Γ ee (V ) to the width into e + e − of a vector resonance V with mass M , its contribution to a (2) (h.v.p.) is given in this approximation by
3π states, 9m
In the narrow width approximation one gets the ω, φ contributions:
Alternatively, we may use experimental data. [9] This gives 10 11 × a(3π; t ≤ 1.1 2 GeV 2 ) = 438 ± 4 (Stat.) ± 11 (Sys.).
3)
The fit to the 3π experimental cross section, with data from ref. 9 , may be found in Fig. 6 . The upper curve is a fit to the CMD2 and SND data. We have used a Breit-Wigner parameterization for the ω and φ resonances, plus a constant term. The χ 2 /d.o.f. is 63/60; we consider this our central result here. The lower curve fits instead the data from CMD2 and ND; the quality of the fit is poorer ( χ 2 /d.o.f. = 52/37). It fits better the region between the ω and φ, but fails to reproduce the data beyond 1.06 GeV 2 . In fact, we include the second fit to estimate the corresponding systematic uncertainty. The difference in terms of the integrals is small, 8 × 10 −11 , and is included into the systematic error.
2π states, 0.8 GeV
This 2π state contribution is
The evaluation of the contribution of the 2π state has greatly improved (with respect to older calculations) because of the information from recent Novosibirsk [8] data on e + e − → 2π. We have fitted the experimental value of |F π | 2 with an expression 1/(bt + a), a, b completely free parameters; the result of this -precision determination of the pion form factor and calculation of the muon g − 2-
σ (nb) Figure 8 . fit may be seen depicted in Fig. 7 . A similar result is obtained if we extended our earlier calculation of F π (t) to t ∼ 1.2 GeV 2 by setting t 0 = 1.2; but we prefer the result based only on experimental data. Of the two errors given for the 2π contribution the first is statistical and the second, systematic, will be added coherently to the systematic error on the low energy 2π contribution, to be discussed in Sect. 6.
An important contribution is that of KK states. In the n.w.a., this is given by the φ: 10 11 × a(KK; φ) = 338 ± 9, (4.6) but this is a dangerous procedure here; the vicinity of the KK threshold distorts the shape of the resonance. We thus have to calculate this KK contribution directly from experiment. We made a joint fit to the K + K − and K L K S data of Achasov et al. [9] getting 10 11 × a(K + K − ; t ≤ 1.1 2 GeV 2 ) = 185.5 ± 1.5 (Stat.) ± 13 (Sys.) and
The quality of the fits is good ( χ 2 /d.o.f. = 84/82). We also fitted the data for K L K S of Akhmetshin el al. [9] obtaining the result
The quality of this fit is less good, but the integrals are essentially identical for both fits. Adding the KK results together we find 10 11 × a(KK; t ≤ 1.1 2 GeV 2 ) = 314 ± 2 (Stat.) ± 13 (Sys.). (4.5)
The systematic errors have been obtained repeating the fits including the systematic errors given in the experiments.
-j. f. de trocóniz and f. j. ynduráin-A check of the calculation is that the ratio of contributions of K + K − and K L K S , 1.44, agrees well with the corresponding branching ratio
The fit to the KK cross sections is given in Fig. 8 .
Other states: 4π, 5π, ηπ 0 π 0 · · ·; 0.8 GeV
The four pion contribution, dominated by the quasi-two body state ωπ, may be obtained from recent Novosibirsk data [9] getting 10 11 × a(4π; t ≤ 1.1 2 GeV 2 ) = 27 ± 10. (4.7)
The five, six, . . . , pions as well as ω → η + 2π 0 contributions are very small. [20] Altogether, they give 10 11 × a(5π, ηπ
We present the summary of our preferred results in the important region 0.8 GeV 2 ≤ t ≤ 1.1 2 plus the 3π contribution below 1.1 2 GeV 2 in the following Table 2 :
Channels Comments
Total 1 015 ± 21 Table 2 Various channels up to t = 1.1 2 GeV 2 (2π below 0.8 GeV 2 not included).
We consider three determinations:
270 ± 27 (Here) 278 ± 25 (s.o.i.c., CLY [4] )
± 22 (VMD+QCD; AY)
.
(4.9)
The first is obtained from a numerical integration of the data, [20] fitted by a parabola. The method referred to as "VMD+QCD; AY", details of which can be found in the AY [4] paper, consists in interpolating between a vector meson dominance (VMD) calculation for quasi-two body processes (ωπ, ρπ, . . .), plus a Breit-Wigner expression for two-body channels (ππ,KK, . . . ) at the lower end, and perturbative QCD at the upper end, the interpolation being obtained by fitting experimental data (see Fig. 9 ). However, and because we want to present a result as free from model-dependent calculations as possible, we will take as our preferred figure that obtained here from experimental data: In the QCD calculation, the error labeled "Cond." is obtained by inserting the variation obtained setting quark and gluon condensates to zero, and that labeled Λ by varying the QCD parameter. For this parameter we take the recent determinations [21] that correspond to the value α s (M 2 Z ) = 0.1172 ± 0.003; to be precise, we have taken (in MeV, and to four loops),
For the gluon condensate we take α s G 2 = 0.07 GeV 4 . Both methods give comparable results with the r.d.a. clearly above and presenting larger errors. As proved by the reliability of QCD calculations of semileptonic τ decays, a similar process in a similar energy range, one can trust perturbative QCD here, so we select the corresponding value as our best result. However, we take into account the discrepancy with the figure given by Narison by admitting a larger error. So we write 10 11 × a(2 GeV 2 ≤ t ≤ 3 GeV 2 ) = 240 ± 36. (4.12)
The second error is the difference between the theoretic and experimental calculations. As a verification of the reliability of the calculation, as well as the improvement it presents when compared with earlier determinations, in the rather involved energy range 0.8 ≤ t ≤ 3 GeV 2 , we compare our preferred value here (adding, for the occasion, the channels ω, φ → π 0 γ, ηγ) with that obtained by The compatibility between the results, using different methods of evaluation for many pieces, is reasonable.
The region 3 GeV
This is another region where the availability of recent precise data [12] in the neighbourhood of thecc threshold, previously poorly known, permit a reliable evaluation. As a byproduct, we get an experimental validation of QCD calculations.
We use perturbative QCD here and get
We have now very good recent experimental data. So we present two determinations:
We only give the error due to Λ here because that due to the condensates is negligible. When integrating the BES data we have used the trapezoidal rule. If instead we fitted a horizontal line, we would have obtained
The BES [12] purely experimental result and the QCD calculation are compatible, but one has to take into account the systematic errors of the first. This shows clearly the importance of systematic variations in e + e − annihilations data. We take as our preferred value for the sum of the two intervals that obtained from the QCD calculations:
A fact to remember is that the errors due to Λ in perturbative QCD evaluations are to be added coherently, and the same is true of those due to the condensates: this is what has been done here.
We give here the results in units of 10 −11 . We separate the contribution of the J/ψ, ψ ′ , that we calculate in the n.w.a., and the rest. Here N refers to the paper of Narison [7] , and AY is in ref. 4 . BES are the experimental data from ref. 12. The first error for them is the statistical, the second the systematic one.
This region merits a somewhat detailed discussion, as there is a certain controversy about it. We have made the calculation in three different manners. First, we separate the u, d, s quarks contribution, that can be evaluated using perturbative QCD. The contribution of thecc states is then evaluated saturating it by the ψ resonances, in the n.w.a.; this is the result labeled (N, n.w.a.).
In a second method one separates also the u, d, s contribution; but thecc one is treated differently. If a resonance is below the channel for open charm production, which is set at t = 4m GeV, in which case only the J/ψ should be taken to be below threshold, and m c = 1.866 GeV and then both J/ψ and ψ ′ are to be added below threshold. This last gives the smallest number (28.6). The result of the calculation is taken as the average of both numbers, with half the difference as the estimated error. In Fig. 10 one can see the BES [12] data and the predictions of QCD and NRQCD, the last for m c = 1.87 GeV.
The third method, which is the one that yields our preferred number,
is obtained by using QCD for u, d, s quarks plus J/ψ, ψ ′ below t = 3.7 2 , and experimental data (BES [12] ) above that energy.
-j. f. de trocóniz and f. j. ynduráin-It is to be noted that all three methods give overlapping results, within errors, with the n.w.a. below experiment, and with an underestimated error, and with the NRQCD calculation reproducing better the data. This NRQCD calculation depends strongly on the mass of the c quark and, in fact, one can turn the argument backwards and predict m c by requiring equality with the experimental figure The results from this region have not changed noticeably, but we give them for completeness.
For the first Υ resonances, 0.56 ± 0.03 Υ 0.18 ± 0.01 Υ ′ .
Then, 88.8
± 0.08bb : (AY, NRQCD)
Adding this, we get Total: 88 ± 1 (N; QCD+in.w.a.) Total: 90 ± 1 (AY; QCD+NRQCD) The notation is like for the c threshold region. The error in the (AY, NRQCD) evaluation is due to the error in the QCD parameter, Λ, and the b quark pole mass, that we have taken [23] m b = 5.00 ± 0.10 GeV. Both figures are very similar; again the n.w.a. one is the lower. Because of our experience with the c threshold region, we trust better the NRQCD result and thus take
The use of QCD is mandatory here. The contribution abovett threshold is negligible, so we calculate with n f = 5 and get, 10 To compare with other evaluations we have to add the contribution (44 ± 6) × 10 −11 of some of the radiative decays of the ρ, ω, φ (to be discussed in Sect. 5.2 here) that the other authors include. This comparison is shown, for a few representative calculations, 7 in Table 3 . 
Higher order hadronic contributions
Hadronic light-by-light contributions
A contribution in a class by itself is the hadronic light by light one. So we split
We will start by considering the last, given diagrammatically by the graph of Fig. 11 . This can be evaluated only using models. One can make a chiral model calculation, in the Nambu-Jona-Lasinio version or the chiral perturbation theory variety, with a cut-off, or one can use a constituent quark model in which we replace the blob in Fig. 11 by a quark loop (Fig. 12) . The result depends on the cut-off (for the chiral calculation) or on the constituent mass chosen for the quarks. The variation from one model to the other is, unfortunately, too large for comfort. One has [24] For the constituent quark model we use the results of Laporta and Remiddi. [25] The contribution of light by light scattering, with a loop with a fermion of charge Q i , and mass m i larger than the muon mass, is and the error is estimated by varying m u,d by 10%. We note that, from general arguments, we can conclude that the bag model would also yield a positive figure.
One could also take the estimate of the π 0 pole and of the charged pion loop from Hayakawa and Kinoshita [24] and the constituent quark loop, in which case 10 11 × a(Hadronic light by light) = −11 ± 30 (Quark const. model+ pion pole) (5.1d)
These variations are unfortunate; one expects the chiral calculation to be valid for small values of the virtual photon momenta, and the constituent model to hold for large values of the same.
8 So, neither evaluation is fully believable: we will give results with the extreme choices, (5.1a,c). 
Photon radiation corrections to the hadronic vacuum polarization
The a('One blob' hadronic, O(α 3 )) corrections are obtained by attaching a photon or fermion loop to the various lines in Fig. 1 . They can be further split into two pieces: the piece where both ends of the photon line are attached to the hadron blob, a(h.v.p., γ), shown in Fig. 13 , and the rest. So we write,
The last can be evaluated [26] in terms of the hadronic contributions to the photon vacuum polarization, finding 10 11 × a('One blob' hadronic, rest) = −101 ± 6. (5.4) (Note, however, that this result has not, as far as we know, been checked by an independent calculation). The only contribution that requires further discussion is that depicted in Fig. 13 , a(h.v.p., γ). In principle, this contribution can be evaluated straightforwardly by a generalization of the Brodsky-de Rafael method. We can write
where
The notation means that we evaluate the hadron annihilation cross section to second order in α, and we add to it the first order annihilation into hadrons plus a photon. For energy of the virtual photon large enough, this can be calculated with the parton model, and leads to a correction 3 4 α/π times the h.v.p. contribution. Taking then t ≥ 1.1 2 GeV 2 , this is 2.0 × 10 −11 . Since in many pieces of the evaluation of the cross section σ(e + e − → hadrons) we took experimental data, where it is not clear whether photons are included or not, we think it safest to take half this figure, 1.0×10 −11 , as an error. So we write (2 ± 1) × 10 −11 for this contribution. Then comes the contribution of small momenta, t ≤ 1.1 2 GeV 2 . We start by discussing the process involving two pions. In our determination in Sects. 3, 4 of a (2) (h.v.p.), we made calculations by fitting the experimental cross section e + e − → π + π − , which specifically excludes radiation of hard photons (hard photons defined as those that are identified experimentally). Diagrammatically, this means that our evaluations of Sects. 3, 4 included the diagrams of Fig. 14A (where a soft photon is one that is not detected), but not those of Fig. 14B (radiation of a hard photon) . So, we have to include this radiation into a(h.v.p., γ). This can be easily done if we consider this region to be dominated by the rho, hence we approximate
The last can be evaluated in terms of the branching ratio for the decay ρ → π + π − γ, which is indeed measured experimentally (see the review of Dolinsky et al., ref. 20) from the reaction e + e − → ρ → π + π − γ. In the narrow width approximation for the rho, the contribution to a µ is
In this way, we find 10
and the error is that induced by the experimental error in the width Γ (ρ → π + π − γ). A few words have to be said on the size of this contribution. For pointlike pions, we would expect that the branching ratio
would be of order α/2π. However, the final state interaction of the π + π − in the state π + π − γ is very strong. The pions are produced in an S-wave, which presents a wide enhancement [15] in the energy region E π + π − ≃ 0.6 ± 0.2 GeV. This is doubtlessly responsible for the size of (5.6b).
A similar analysis ought to be made for other radiative intermediate states like 3π + γ and KK + γ, which can be estimated in terms of the corresponding decays of the ω and φ, but they give a contribution below the 10 −11 level and we neglect them. Another point is that the separation between the contributions from diagrams in Figs. 14A and 14B is only correct if the experimental cut in the photon energy made when identifying the pion form factor, E γ1 , and the cut made when measuring the decay ρ → π + π − γ, E γ2 , were the same. Otherwise we get an extra correction of relative size
In the measurement of the decay ρ → π + π − γ the energy cut is of E γ2 = 50 MeV (Dolinsky et al. ref . 20) ; for the measurement of the pion form factor, one excludes [8] events where the angle between the two pions is less than π − δ, δ = 0.2. This means an energy cut of E γ1 = δ t 1/2 /2 ∼ 80 MeV. Therefore, around the ρ, ǫ ∼ 0.19, which we will add as a theoretical error in Sect. 6. The lowest energy contributions to σ (0) (e + e − → hadrons; γ) are those of the intermediate states π 0 γ and ηγ, Fig. 15 . At energies below the rho mass, one can evaluate the first (the only one that gives a sizable contribution) by relating the process to the decay π 0 → 2γ. We write the effective interaction, corresponding to the vertex factor in the Feynman rules of
with it
−5 . Then, with e the electron charge,
This gives a very small contribution to a, about 0.76 × 10 −11 if we integrate up to t 1/2 ≃ 0.7 GeV, and 0.96 × 10 −11 if we go to t 1/2 ≃ 0.84 GeV (the integral only grows logarithmically). We only integrate up to the rho, i.e., to t 1/2 = 0.7 GeV with this pointlike model. Around the ρ region we have to take into account the excitation of this resonance, which produces the corresponding enhancement. This piece can be obtained in terms of the radiative width ρ → π 0 γ. More important is the ω → π 0 γ process which gives (33 ± 2) × 10 −11 . Likewise, the contribution of the ηγ state is evaluated in terms of the decay φ → ηγ. Finally, the contribution from π 0 π 0 γ is taken from ref. 27 . Collecting all of this, we get 10
(5.7a)
Other contributions are negligible. The total is thus, 10 11 × a(hadrons + γ) = 94 ± 15 (5.8)
(because we are relying on models, we added the errors linearly).
Discussion and conclusions
We start this section by briefly discussing the errors that stem from systematic experimental errors as well as those originating from deficiencies of the theoretical analysis. In this last we exclude errors due to the variations of the parameter Λ, the truncation of the perturbative series or the (related) ambiguity in the condensates, already taken into account. We start with the low energy region, 4m
We have here the errors due to the systematic errors of the data. They are evaluated by taking these errors into account in a new fit. In this way we find, Exp. Sys. = ± 66 (e + e − )
Exp. Sys. = ± 40 (e + e − + τ ).
To estimate the degree of correlation of the systematic errors pertaining to several experiments is a difficult task, we choose to consider the full range from 0 to 1. The error bars given cover all the possibilities. In addition to this we have several theoretical sources of error. First, that originating in the approximate character of the Gounnaris-Sakurai method for including the ω. This we estimate as discussed at the end of Sect. 3, getting ±7 × 10 −11 . Then we have the error due to the experimental photon energy cuts in π + π − and π + π − γ, as discussed in Subsect. 5.2, of about ±6 × 10 −11 . Also, the dependence of our results on t 0 can be interpreted as a theoretical uncertainty, that we take equal to 4 × 10 −11 . If we compose these errors quadratically, we can complete (3.11,12) to a(2π; t ≤ 0.8 GeV 2 ) = 4 754 ± 55 (St.) ± 71 (Sys. +th.) = 4 754 ± 90 (e + e − + spacelike) 4 779 ± 30 (St.) ± 45 (Sys. +th.) = 4 779 ± 54 (e + e − + τ + spacelike). (6.1)
In the higher energy regions we take the systematic errors as given, except for the systematic error of 4 × 10 −11 for 2π between 0.8 and 1.1 2 that has to be added coherently to the lower energy 2π piece. On top of this, we have an unknown theoretical error due to the residual effects of isospin breaking, which affect the evaluation including τ decay. Indeed, the χ 2 /d.o.f. for the last fit, 214/204, is clearly worse than that with e + e − data only. We estimate this error as half the variation obtained when fitting with a single mass and width for the ρ, Eq. to be added to the results including τ decay. Taking into account all errors we complete the best values for the h.v.p. piece, and the whole hadronic part of the anomaly:
10
11 × a (2) (h.v.p.) = 6 897 ± 102 (e + e − + spacel.) 6 922 ± 76 (e + e − + τ + spacel.). id., e + e − only. T1, T2: this paper with data from e + e − + τ or data from e + e − only, respectively (including syst. and th. errors).
Adding the radiative and light-by-light corrections, Fig. 16B , also the results when using the quark constituent model for the hadronic light-by-light contribution.
To finish this section, we can add a few words on prospect for improvements. In our view they are rather dim in the sense that it is not easy to see how one could get an error estimate clearly below the 80 × 10 −11 mark, when taking into account systematic and theoretical errors. In fact, as Fig. 16 shows, the central values have moved little, and the errors have not improved much, since 1985. It is true that experiments planned or in progress can clear further the region between 1.2 and 3 GeV 2 . However, a serious improvement of the very important low energy region for ππ is unlikely: as our evaluations show, one can get a fit to all data relevant for the hadronic component of a µ , and verifying all theoretical constraints, with an error of at least 50 × 10 −11 , already for t ≤ 0.8 GeV 2 , and neglecting residual isospin breaking effects. In this respect the improvement obtained by adding τ decay data, although not negligible, is minor: statistical errors are smaller, but theoretical ones are increased.
All this is not too bad; it is possible that one could get a theoretical estimate of a (2) (h.v.p.) with an error comparable to the best experimental error attainable in the near future, of the order of 60 × 10 −11 . However, it is difficult to see how one can get a reliable handle on the evaluation of the light-by-light scattering: a contribution which shifts the results for a µ by as much as 178 × 10 −11 , and certainly at least 40 × 10 −11 , depending on the model used. To get a reliable value for this quantity is a nontrivial challenge for theorists.
